The finite-element analysis is widely used in design stage of electromagnetic apparatuses. The analysis accuracy depends on the characteristics of the finite-element mesh, e.g., number of nodes, number of elements and shape of elements. Recently, the adaptive finite-element analysis is one of the most promising numerical analysis techniques. In process of the adaptive finite-element method, the error evaluation is one of the important schemes. In this paper, a new error evaluation scheme, which is suitable for electromagnetic problems, is proposed. The proposed error evaluation method is then applied to two-dimensional and three-dimensional magnetostatic field problems for its verification.
I. INTRODUCTION

I
N ELECTROMAGNETIC field analysis, the finite-element method (FEM) is widely used as a numerical analysis technique. Commonly, for using the FEM, a user has to make a finiteelement mesh suitable for highly accurate analysis and less computation time. However, making such a suitable mesh is a bottleneck to the easy and wide use of the FEM, since the mesh-making work is time-consuming. Moreover, the analysis accuracy and the computation time depend on the mesh characteristics, e.g., number of nodes, number of elements, and shape of elements, which require some experience for the user to make a suitable mesh.Therefore,theadaptiveFEM [1] - [4] isoneofthepromising numerical analysis techniques for users without experiment and even with enough experiences.By applying the adaptive FEM, the mesh is automatically and appropriately refined, and produces results whose error is less than the permissible error. The adaptive FEM has three important schemes: true value estimation scheme, error evaluation scheme and mesh control scheme.
In this paper, a new error evaluation scheme based on rotation of the magnetic field is proposed. In the newly proposed method, the error evaluation is calculated by simple equations, which are derived from the field governing equations. Then we have applied the proposed error evaluation scheme to 2-D and 3-D magnetostatic field problems for its verification.
II. PROPOSED ERROR EVALUATION METHOD
A. Error Evaluation Scheme
In this paper, we focus our attention on the governing equations in magnetostatic field problem, as follows: and are the reluctivity, the magnetic vector potential, the current density, the magnetic flux density and the intensity of magnetic field, respectively.
Here, the newly proposed error evaluation method based on rotation of magnetic field is described. In the finite-element analysis for magnetostatic field problems, and ( denotes element) are obtained. Here, and should be satisfied with (1), as follows: (4) where is the permeability. For evaluating the error of and , it is necessary to estimate a more accurate value for and . In this paper, the estimation process is called the true value estimation. After the true value estimation, the more accurately estimated values, and (which are calculated from the neighboring elements, as will be described in the next session), are obtained. These values are not strictly satisfied with (4) . Therefore, we propose two error evaluation schemes using the integral of residuals, as follows: (5) (6) where and represent the evaluated error on element .
The two error evaluation methods presented above are essentially similar, since (5) and (6) are based on rotation of the magnetic field. However, (5) is different from (6) in the permeability. That is, the estimated error in (5) is weighted by means of the rotation of the magnetic field times its permeability. By adopting (6) , consequently, the elements in the high permeability region, e.g., iron, tends to be refined. On the other hand, by adopting (5), the elements in the high magnetic field regions on the air, e.g., air-gap, tends to be refined.
In this paper, we compare the above error estimation methods and the Zienkiewicz-Zhu (Z-Z) method [5] , which was proposed 0018-9464/$20.00 © 2006 IEEE for elastic problem. However, the Z-Z method is widely employed for the electromagnetic problems [3] [4] , and in commercial software. The Z-Z method is based on energy error calculated from (7) where represents the evaluated error on element .
B. True Value Estimation Scheme
In order to evaluate the error of the analysis result, it is necessary to estimate the more accurate value, which is as close to the true value as possible. Here, the way to estimate such accurate value of the magnetic flux density,
, and the intensity of magnetic field, , obtained from the FEM result with coarser mesh, are presented.
The magnetic flux density, , and the intensity of magnetic field, , are constant on each element when the linear element is employed. Before the true value estimation regarding to and on element and at node are estimated from the neighboring elements connecting to , by calculating and (8) where is the number of the elements connecting to node is the weight for element . The weight values can be determined according to the area or the angle of the connecting elements. However, we have investigated that the weight doesn't give a large influence to the accuracy of the estimated true value [6] . In this paper, hence, the value of the weight, , is "1" for all elements. After the estimation about and at node and on element are calculated by simply interpolated from and . However, when the node is on the surface of materials with the different magnetic permeabilities, is separately calculated for each material. For example, in Fig. 1 , the node is on the interface between two different materials, material-1 and -2. The magnetic flux density as to material-1 is calculated from that of the neighboring elements 1 to in material-1 as a more accurate value. The in material-2 is calculated from the elements to . Thereby, there are two values of the magnetic flux density at the node . On the other hand, is calculable regardless of the magnetic permeability. As a more accurate value, therefore, the intensity of the magnetic field at the node is simply calculated form the elements 1 to in Fig. 1 .
III. VERIFICATION IN 2-D MAGNETOSTATIC FIELD PROBLEM
The adaptive FEM with the newly proposed error evaluation methods based on the rotation of and , i.e., (5) and (6), respectively, is applied to a 2-D linear magnetostatic field problem and the results are compared with that of the Z-Z method [5] . The test model consists of an iron core with air gap and coils, as shown in Fig. 2 . For the verification, the accuracies regarding to the coil inductance error and the magnetic flux density error were compared with the highly accurate value, which is acquired with very fine mesh. As a mesh refinement, it is adopted that elements evaluated with high errors values are simply divided in two. The comparison is done with the number of elements generated by each error evaluation method being approximately the same. The comparison results are shown in Table I . The meshes resulting from the adaptive FEMs are shown in Fig. 2 . As a result, we can see that the proposed method provides high accuracy and generates the suitable mesh for magnetostatic field problem.
IV. APPLICATION FOR 3-D MAGNETOSTATIC FIELD PROBLEM
A. Applied Model and Mesh Refinement Scheme
For a further verification of the usability, the adaptive finiteelement method with the newly proposed method is applied to a 3-D linear magnetostatic field problem, using tetrahedral finiteelement mesh. The test model consists of an iron core and coils, and it is an eighth part of region, as shown in Fig. 3 .
As a mesh refinement scheme, in this paper, the dynamic bubble mesh generation system [7] is employed to remesh according to the proposed error evaluation. The dynamic bubble mesh generation system produces the tetrahedral mesh according to the bubble radii, which are set at all the corners of materials in the analysis region, as shown in Fig. 4 . In the adaptive FEM, the size of bubble radii is suitably decided according Fig. 3 . Three-dimensional analysis model. to the error evaluation scheme, i.e., a large bubble radius is set at the point where a large error is presumed, oppositely, a small bubble radius is set at the point of a small error presumed.
B. Results and Discussion
In the verification for 3-D magnetostatic field problem, the newly proposed methods (based on the rotation of and based on the rotation of ) and the Z-Z method [5] (the methods defined by (5)- (7), respectively), are compared. To each error evaluation method, the same initial coarse mesh is used, and then a suitable fine mesh is generated by applying the adaptive FEMs. The accuracies regarding to the coil inductance error and the magnetic flux density error were compared with the highly accurate value, which is acquired with a very fine mesh. The comparison is done under the almost same number of elements generated by each error evaluation method. The comparison results are shown in Fig. 5 . The meshes resulting from the adaptive FEMs are shown in Fig. 6 .
As a result, the proposed methods provide high accuracies and generate suitable meshes for the 3-D magnetostatic field problem. By applying the newly proposed method based on the rotation of , an excellent mesh as to the magnetic flux density error tends to be obtained. By the newly proposed method based on the rotation of , an excellent mesh as to the coil inductance error tends to be obtained. By the Z-Z method, an excellent result is not obtained for any of these performance parameters. This result is probably due to the fact that the Z-Z method was proposed for elastic analysis, and generates elements that are extremely refined in the area where the magnetic flux density and the energy are low, and the magnetic vector potential is nearly "0'' as shown in Fig. 6(c) . Moreover, the elements of the iron core and the coil aren't small enough.
Additionally, as a final result, very absorbing meshes were obtained by the proposed methods. In the newly proposed method based on the rotation of , the small elements are generated in the region that the magnetic permeability is large and the magnetic flux density drastically changes (e.g., in the iron core), because the magnetic permeability is included in (6) as a weight value. In the newly proposed method based on the rotation of , the small elements are generated in the region that the intensity of magnetic field drastically changes, e.g., around the coil and the end of the iron core.
In the future, another error evaluation should be developed by inheriting the good characteristics from both the newly proposed methods. As the permeability in (6) actually works as a weight to refinement especially for iron, the better mesh will be generated by adjusting the weight instead of the permeability.
V. CONCLUSION
In this paper, we have proposed and verified two error evaluation methods based, respectively, on the magnetic flux density and on the magnetic field intensity. The proposed methods provide higher accuracy and generate more suitable meshes for 2-D and 3-D magnetostatic field problems, when compared with the Zienkiewicz-Zhu method. In the near future, another error evaluation scheme should be developed, by inheriting the good characteristics from both the newly proposed methods.
